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’ INTRODUCTION

Biomaterials are becoming increasingly sophisticated through
the exploitation of polymers that are capable of undergoing
transitions in secondary structure.1�3 In one class of biomate-
rials, helicogenic polymers may be used in stimuli-responsive
shape changingmaterials. For example, polylysine-polybutadiene
block copolymers have been shown to form micelles in aqueous
solution that undergo transitions from spheres to rods upon
increasing pH, and this shape transition correlates with a
helix�coil transition in the polylysine block.4 Related block
copolymers with a smaller polylysine block were shown to form
vesicles in which the morphology was dependent on secondary
structure in polylysine.5 Similar phenomena were observed in
ethanol using poly(γ-benzyl L-glutamate)�poly(ethylene
glycol) graft copolymers in which addition of trifluoroacetic acid
caused R-helices to return to the random-coil state. This led to a
transition from spindle-like micelles to larger aggregates.6 On a
solid surface, end-tethered polylysine brushes were shown to
interconvert between random coils, R-helices, and even β-sheets
in response to complexation with anionic polymers in aqueous
solution.7 In the above examples, the effects of helix formation on
micelle geometry can be qualitatively rationalized as helices
decreasing brush resistance to increasing tethering density. As
a result, the effective area of the headgroup decreases, thereby
increasing the shape-determining packing parameter and driving
a transition to flatter structures.8

In a second class of biomaterials, brush formation is used to
stabilize helical structure and increase biofunctionality. In the
work of Tu et al., a 37-residue peptide was predominantly a
random-coil in solution but regained helical structure upon tether-
ing to an alkyl tail that directed self-assembly into rod-like
micelles.9 Perhaps more importantly, helical structure was linked
to the ability of the peptide to bind DNA, making brush effects

critical to the biofunctionality of the micelle. This helical
stabilization can be explained by the crowding-induced stretch-
ing of chains in a brush decreasing the conformational freedom of
a random-coil monomer and lowering the entropic barrier to
helix formation. Also within this class, other types of secondary
structures have been stabilized by brush formation (e.g., β-sheets
and triple-helices); the present work focuses solely on single-
helix formation.10,11

While qualitative explanations exist for secondary structure-
induced shape changes and brush-induced helix stabilization,
quantitative models of these effects are sparse. Buhot and
Halperin presented a model for a helicogenic brush and demon-
strated that the brush state should both sharpen the helix�coil
transition and shift it to higher temperature (i.e., stabilize the
helical state).12 Their model assumed that an individual chain
existed either in a completely helical or completely random-coil
state. Helices were modeled as rigid rods that were perfectly
oriented normal to the grafting surface and immersed completely
by the surrounding coils. This last assumption limited the model
to short chains where the radius of gyration of the random-coil is
larger than the length of the helix. Consequently the upper limit
on chain length, N, is given by Nmax e 2(a/ah)

2 where a is the
coil monomer length, ah is the projection of the monomer length
along the axis of the helix, and the factor of 2 accounts for the fact
the grafting process stretches a random-coil in the direction
normal to the surface even at low surface coverage. For a = 3.8 Å
and ah = 1.5 Å,Nmax = 13, which is a restrictive assumption for the
systems motivating the present work.
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ABSTRACT: This work considers the physics of a brush formed by polymers
capable of undergoing a helix�coil transition. A self-consistent field approx-
imation for strongly stretched polymer chains is used in combination with a
lattice model of the interaction energy in helix�coil mixtures. Crowding-
induced chain stretching stabilizes helix formation at moderate tethering
densities while high tethering density causes sufficiently strong stretching to
unravel segments of the helix, resulting in distinct layers of monomer density
and helical content. Compared to a random-coil brush at low-to-moderate
tethering density, a helicogenic brush is less resistant to compression in the direction perpendicular to stretching due to easy
alignment of helices and fewer unfavorable interactions between helical segments. At higher tethering density, the above-mentioned
stretch-induced decrease in helical content resists further compression. The proposed model is useful for understanding an
emerging class of biomaterials that utilize helix-forming polymer brushes to induce shape changes or to stabilize biofunctional helical
peptide sequences.



4978 dx.doi.org/10.1021/ma200782e |Macromolecules 2011, 44, 4977–4987

Macromolecules ARTICLE

In contrast, this work considers a brush consisting of long
chains capable of forming R-helices anywhere along the length of
a given chain. Individual chains are allowed to stretch nonuni-
formly as a function of distance from the grafting surface, yielding
a continuous distribution of chain ends throughout the brush.
Given that stretching has been demonstrated to affect the
helix�coil transition,12,13 nonuniform stretching implies that a
polypeptide can be induced to form helices nonuniformly along
its length. Put another way, stretching and helix formation
balance each other locally, rather than along the entire length
of the chain.

This view of the brush is handled using a self-consistent field
approximation for highly stretched chains as developed by
Milner, Witten, and Cates and later expanded by Shim and
Cates.14,15 In this method, the elastic energy to stretch a segment
of the chain must be specified as well as the interaction energy
between polymer segments as a function of density. It has
predicted force�distance profiles in excellent quantitative agree-
ment with experimental data in addition to being confirmed by
Monte Carlo and molecular dynamics simulations.16�20 More
importantly, self-consistent field methods have the capability to
resolve brush microstructure such as nonuniform monomer
density profiles and, in the present work, local variations in
helical content. For the elastic energy, helices are modeled as
wormlike chains and random-coil segments of the polypeptide
are described using the freely jointed chain model, thus giving the
entire polypeptide finite extensibility as a function of the number
of helical residues.13 Repulsive monomer�monomer interac-
tions are incorporated via a lattice model of an athermal tertiary
mixture of rods, coils, and solvent.21�23 The goal of the present
work is to move toward a realistic, generally applicable model of
helicogenic brushes in order to explain experimental observa-
tions while providing a framework to predict and control the
responsiveness of these systems. While substantial numerical
manipulation is required for the polypeptide chains considered
here, the method is sufficiently general so that other systems of
interest may be treated similarly.

’THEORY

Consider a flat polymer brush consisting of monodisperse
chains of N monomers. Chains are end-grafted at a grafting
density of Σ chains per unit area and have a position-dependent
monomer concentration in solution of F monomers per unit
volume. Each monomer has a characteristic length, a. Chains are
stretched away from the surface along the Z-axis by a stretching
force, b, which is caused by crowding from nearby chains rather
than an externally applied force. For this work, it is convenient
to use nondimensional variables to describe the brush. The
Z-coordinate will be normalized by the contour length of the
chain (Na) and the new nondimensional coordinate will there-
fore be z = Z/Na. All other parameters of the brush in this
direction (e.g., chain starting height and total brush height) will
also be in units of Na. The nondimensional stretching force will
be defined as x = ba/kT where k is Boltzmann’s constant and T is
absolute temperature. Similarly, all energies (e.g., elastic, inter-
action, overall brush energy) will be in units of kT per-monomer.
The nondimensional tethering density will be σ = a2Σ and the
nondimensional volume fraction will be φ = F/a3. The position
along the chain will be given nondimensionally as n = t/N where
t is the position along the chain in monomer units. Finally, any
section of chain may consist of monomers in both helical and

random-coil states. Themonomer fraction in the helical state will
be called θ.

This work will develop amodel of a helicogenic polymer brush
that balances osmotic repulsion and elastic chain stretching
locally. This local balance was done self-consistently by Milner,
Witten, and Cates (MWC) in a manner that was analytically
tractable in the original version of their theory.14 However, the
form for osmotic repulsion required to achieve analytical results
limits the validity of the model to moderate density and weak
excluded volume. Amore general extension of theMWCmethod
was developed shortly thereafter by Shim and Cates (SC) in
order to handle finite extensibility and density saturation
effects.15 This second approach will be used here because it
can handle arbitrary forms of the elastic free energy and
monomer�monomer interactions, a feature that is useful when
describing a helicogenic brush. In contrast, the MWC method
uses a binary form of monomer�monomer interaction energy
and Gaussian elasticity, while a similar theory developed by
Zhulina et al.24,25 allows for arbitrary interaction energy but still
uses Gaussian elasticity. This section will first outline the SC
method then proceed to develop appropriate forms of the elastic
stretching energy and osmotic repulsion to describe the brush.
Finally, the section will conclude with a discussion on the
integration of these components to determine the space-depen-
dent monomer density, helical content, and orientation profiles.
A Self-Consistent Field Approach to the Polymer Brush.

This section briefly outlines the practical aspects of the SC
method; refs 14 and 15 should be consulted for further detail.
The basic assumption of the MWC and SC methods is that
polymer chains in a brush are strongly stretched, such that
fluctuations around the most probable trajectory may be ne-
glected. In order to determine the most probable trajectory, the
overall free energy of the brush is minimized by minimizing the
“action” on each chain. This requirement is satisfied by the
Euler�Lagrange equations for each chain where the Lagrangian
is given by Fel(_z,z,n)� V(z). Here, _z is the local stretching of the
chain given by dz/dn, z is the distance from the grafting surface, n
is the position along the chain and V(z) is the negative of the
space-dependent monomer chemical potential as will be dis-
cussed later. Thus, each chain must satisfy:

� DVðzÞ
Dz

¼ D
Dn

DFel
D_z

� �

If ∂Fel/∂_z does not depend explicitly on n, there exists a constant,
H, such that

H ¼ _z
DFel
D_z

� Fel þ VðzÞ

H may also be equated to the total energy, V(ζ) where ζ is the
starting height of the chain, to give an expression for ΔV = V(ζ)
�V(z). For future convenience,Uwill be defined asU(z) =V(z)
� V(h)þ A(h) where A is a function of the brush height, h and
thus:

ΔU ¼ ΔV ¼ _z
DFel
D_z

� Fel ð1Þ

Equation 1 defines _z as a function ofΔU and can be used to satisfy
the “equal time” constraint requiring that all chains use the same
number of monomers to traverse the chain trajectory from the
distal chain end (at a height of z = ζ) to the grafting surface. This
“equal time” constraint is given in eq 2 where the integration is
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performed inU-space and f(U0) = dz/dU0 is the unknown function
to be determined. Determination of dz/dU and subsequent
integration with the boundary condition U(0) = 0 yields U(z).Z U

0
dU 0 f ðU 0Þ_z�1ðU �U 0Þ ð2Þ

In general, eq 2 may be solved through the use of Laplace
transform methods. This process is complicated in the present
work because _z is nonanalytical and exhibits a discontinuity in its
first derivative due to the helix�coil transition.Numerical inversion
of the Laplace transform is possible by any of several powerful
numerical algorithms26,27 whose utility for polymer statistical
mechanics has recently been demonstrated.28 However, the dis-
continuous first derivative in _z implies singularities in f. In order to
handle this, the resolution of the numerical routine is increased in
the vicinity of the singularities such that eq 2 is satisfied to within
2%. Greater numerical resolution significantly increases computa-
tional effort while only slightly increasing accuracy.
The balance between stretching and osmotic repulsion is

performed at this point by specifying V(z) via a density-depen-
dent equation of state, Fint(φ), as shown in eq 3 with φ being the
monomer volume fraction:

VðzÞ ¼ � δFintðφÞ
δφ

ð3Þ

Thus, the density profile can be determined for a given value of
A(h) as shown in eq 4:

UðzÞ ¼ � δFintðφÞ
δφ

þ δFintðφÞ
δφ

�����
h

þ AðhÞ ð4Þ

Conservation of material is used to fix A(h) as shown in eq 5
where σ is the total nondimensional surface density of grafted
chain:

σ ¼
Z h

0
dz φðzÞ ð5Þ

Thus, A(h) may be determined as a function of σ, allowing the
overall brush free energy to be calculated as shown in eq 6:

Fbr ¼ 1
σ

Z σ

0
dσ0 Aðσ0Þ ð6Þ

Finally, the probability distribution of chain ends, ε(z,h) is given
by eq 7:

εðz, hÞ ¼ 1
σ

dUðzÞ
dz

Z UðhÞ

UðzÞ
dU 0 dφ

dU 0 f ðU 0 �UðzÞÞ ð7Þ

Local Balance between Stretching and Helix Formation.
Because of the variation in stretching along the length of a chain,
it is assumed that helix formation and stretching equilibrate
locally. To quantify these effects, this work adopts a modified
form of the analysis developed by Buhot and Halperin.13 Coil
segments of the chain are modeled as freely jointed chains while
helices are modeled using a variational approximation to the
wormlike chain model. In this treatment, there is no dependence
of the elastic free energy on the number or size of helical
domains. With this in mind, the elastic free energy of a segment
of chain under an applied force is given in the fixed distance
ensemble by eq 8 where θ is the fraction of helical monomers,

x is the reduced force as previously defined,R is a force-dependent
variational parameter, γ = a/ah = 0.4, and η = 1000 is the
persistence length of the wormlike chain in units of monomers:

Fel ¼ _zx� ð1� θÞLintðxÞ � θ

4η
ð4ηxγ� RÞLðRÞ ð8Þ

The Langevin function, L, and its integral, Lint are given as L(x) =
coth x� 1/x and Lint = ln[(sinh x)/x], respectively. The reduced
force and its associated variational parameter,R, can be expressed
in terms of _z using eqs 9 and 10:

_z ¼ ð1� θÞLðxÞ þ θγLðRÞ ð9Þ

4ηxγ� R ¼ LðRÞ=ðR�2 � sinh�2ðRÞÞ ð10Þ
Regarding the free energy of helix formation, Buhot and

Halperin adapt the Zimm�Bragg formalism to account for
polydispersity among helical domains. In the context of local helix
formation, however, the current work assumes that while a short
section of chain may be partially helical, there is only one helical
and one coil domain in that section and the entropy of helix
placement is negligible. Furthermore, the free energy associated
with the helix�coil interface is set to zero, causing the Zimm�
Bragg cooperativity parameter to go to 1 (i.e., no cooperativity of
the helix�coil transition). This was done for two reasons. The first
is that a cooperative transition implies the specification of a chain
length (and subsequent correlation volume in the brush) in which
stretching and osmotic repulsion will balance. While intrachain
correlations may be incorporated into future generations of this
model, there is currently no simple framework for doing so.
Second, it is unclear that a helix�coil transition within a single
chain is as cooperative in the brush as it is in solution. The penalty
associated with a helix�coil interface is often attributed to the loss
of conformational entropy of the monomer without as much of
the free energy benefit gained by helix formation either due to
hydrogen bonding interactions, or more likely, due to the liberation
of water necessary to solvate the coil monomer. In a dense brush,
loss of monomer entropy upon helix formation is likely to be less
significant and it is also possible that the benefit of water libera-
tionmay not be as important as in bulk solution.With this inmind,
the free energy of helix formation (Fhf) is given simply in eq 11:

Fhf ¼ � θ lnðsÞ ð11Þ
Here the Zimm�Bragg parameter is s = exp(�Δg/kT) and Δg is
the free energy change experienced by a monomer moving from
the coil to helical state such that s > 1 indicates that the helical state
is favored.
Helix formation and stretching equilibrate locally by the

minimization condition given by eq 12 where θ* denotes the
fraction of helical monomers at local equilibrium. Subsequently,
equilibrium θ* is implied and the superscript is not used.

dðFhf þ FelÞ
dθ

�����
θ�

¼ 0 ð12Þ

It should be noted that no special treatment is given to helical
sections placed at the grafting surface (z = 0). While acknowl-
edging that the surface can influence helix formation in the near-
surface monomers,12 long chains are the primary focus of this
work. Consequently, while this model may not capture the brush
microstructure at very small z, this region is expected to have a
negligible effect on microscopic brush properties away from the
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surface and on macroscopic properties such as compressibility,
brush height, and average helical content.
Free Energy of Mixing for Helices and Coils. In order to

calculate the local free energy of mixing in the helix�coil brush, a
lattice model for an athermal mixture of rigid rods and random
coils will be used.21�23 Thismodel may seem contradictory to the
assumption in the previous section of helices as wormlike chains
butmay be reconciled by the idea that a section of wormlike chain
much shorter than its persistence length can be approximated as a
rigid rod. While this assumption neglects correlations along the
length of the helix for the purposes of balancing osmotic repulsion
with stretching, this is a well-known shortcoming of latticemodels
in general and the coil segments of the chain suffer from the same
problem.29,30 For a random-coil brush, neglecting intrachain
correlations leads to an accurate prediction of brush height but
not the energy required to compress the brush. Here, this
assumption is made in order to qualitatively describe the relevant
physics of the helicogenic brush with the knowledge that an
accurate quantitative model would have to account for intrachain
correlations in conjunction with cooperative helix formation as
was previously discussed. Nevertheless, the assumptions made
here lead to interesting predictions regarding the helical content
and density profiles in the brush and are a valid approach to the
ultimate goal of a predictive model.
In order to proceed, a region of brush may be described as a

mixture of solvent and polydisperse chains that each contain one
helical, rodlike domain of length mθ and one coil domain of
lengthm(1� θ) wherem is an arbitrary length of chain as shown
in Figure 1A. Note that m is used here for the length of a chain
segment to avoid confusion with the position along a chain, n.
Each rod has an orientation specified by an angle, ψ, with the
domain axis (i.e., the surface normal). This rod may be placed
onto a lattice by breaking it into y = mθ sin ψ smaller sub-
molecules that align parallel with the domain axis as depicted in
Figure 1B. In the treatment of this system by Flory and Abe, rods
may assume a range of angles and the equilibrium value of ψ is
that which maximizes the partition function.21,22 The situation
here is somewhat different because the assumption of highly
stretched chains, with a trajectory determined by their starting
height, fixes ψ = cos�1 (dz/mθ). Using Buhot and Halperin’s
variational approximation to the wormlike chain model, the
distance traveled in the stretching direction (dz) by a helical
segment of chain (mθ) is, on average, given by dz/(mθ) =L(R).13

This leads to the expression given for ŷ = y/(mθ) in eq 13. Here,R
can be expressed as a function of _z using eqs 9 and 10 and _z is a
function of z for a given chain starting at a height of ζ (ze ζe h).
In eq 9, θ is assigned its equilibrium value, θ*, which is also a
function of z for a chain starting at ζ with the use of 8 through 12.

ŷ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� L2ðRÞ

p
ð13Þ

With the orientation of the helical segment of a chain specified,
it is possible to calculate the interaction energy for a mixture of
helical and coil segments. To do this, imagine a volume element of
brush that is composed of a distribution of chains of equal length
(m) that can assume any of i states specified by their fraction of
helical monomers, θi, and order parameter, yi. Each chain consists
of one helical segment and one coil segment. The volume of the
coil segment relative to the volume of a hypothetical solvent
molecule is given by rc,iwhile that of the helical segment is rh,i. The
volume of a hypothetical solvent molecule is chosen tomatch that
of onemonomer. For this work, the monomer volume is assumed
to be the same in the helical and coil states. While helix formation
shrinks the effective contour length of a chain, it also “widens” the
chain and the overall monomer volume changes only slightly.
Because monomer asymmetry and a slight monomer volume
decrease in the helical state are believed to be secondary effects
that will not change the broad trends seen in brush micro- or
macrostructure, they will be ignored for simplicity. However,
modeling real experimental data with quantitative accuracy may
ultimately require these effects to be incorporated.
The total system volume, vo, is given by vo = vsþΣ vi(rh,iþ rc,i)

= vsþm Σ vi wherem is the chain length in “solvent units” and vs
and vi are the number of solvent molecules and chains in state i,
respectively. The partition function for a polydisperse mixture of
rods and coils21,22 may be given in eq 14:

z ¼ vo �∑viðrh, i � yiÞÞ!
vs!Πðvs!Þ2v∑viðrc, i þ yi � 2Þ

o

ð14Þ

Here, the partition function considers only combinatory factors
and neglects the internal configurations (i.e., single chain en-
tropy, outside of the brush) of the helix or random-coil portions.
These internal configurations have already been accounted for in
the elastic energy through the wormlike chain and freely jointed
chain models. Use of Stirling’s approximation for large factorials
leads to an expression for the free energy of an athermal mixture:

Fint ¼ � ln Z

¼ vs ln vs � vs þ 2∑vi ln vi � 2∑vi þ∑viðrc, i þ yi � 2Þ ln vo
� ðvo �∑viðrh, i � yiÞÞ lnðvo �∑viðrh, i � yiÞÞ þ vo �∑viðrh, i � yiÞ

ð15Þ
Dividing eq 15 by vo and making the substitutions, θi = rh,i/m,
φi =m vi/vo, ŷi = yi/(θim), and vs/vo = 1�Σφi yields eq 16 for the
free energy per site:

Fintjsite ¼ ð1� ∑φiÞ lnð1�∑φiÞ þ
2
m∑φi ln

φi

m

þ ∑φi 1� 2
m
� θið1� ŷiÞ

� �

� ½1� ∑φiθið1� ŷiÞ� ln½1� ∑φiθið1� ŷiÞ� ð16Þ
The fraction of chains of species i is given by pi such that φi = φpi
where φ is the total monomer volume fraction at a given position

Figure 1. (A) Section of a polymer chain with m monomers consisting
of one helical segment (dark rectangle) with mθ monomers and one
random-coil (thin line) segment withm(1� θ) monomers. (B) Helical
segment oriented with angle, ψ, to the domain axis. This helix can be
approximated as a series of smaller helices of length mθ/y that are each
perfectly oriented with the domain axis.
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and Σpi = 1. The per-site free energy is then given by eq 17 with
the function, λ, defined in eq 18:

Fintjsite ¼ ð1� φÞ lnð1� φÞ þ φð1� λÞ � ð1� λφÞ lnð1� λφÞ

� 2φ
m

1� ln
φ

m
�∑pi ln pi

� �
ð17Þ

λ ¼ ∑piθið1� ŷiÞ ð18Þ
Taking the long-chain limit (m.1) allows the last term in eq 17
to be neglected. Although it may seem contradictory to take the
long chain limit for an arbitrary segment of chain, neglect of the
logarithmic terms has the effect of ignoring the placement of
chain ends. This is reasonable given that each chain segment is
connected to the larger chain and individual segment ends
cannot be independently placed. Neglect of the 2 φ/m term
eliminates a trivial constant when eq 17 is substituted into eq 3.
Taking the functional derivative with respect to φ of eq 17 in

the long-chain limit yields:

VðφÞ ¼ � δðFintjsiteÞ
δφ

¼ lnð1� φÞ � λ lnð1� λφÞ ð19Þ
Regarding the function, λ, it represents the fraction of monomers
that have been confined to helices and oriented with the domain
axis. Once oriented, these monomers no longer contribute
independently to the number of states available to the system.
An increase in λ decreases V(φ), allowing higher densities to be
obtained in a brush with a greater fraction of oriented helical
monomers. In the limit of completely helical chains that are
perfectly oriented, λ = 1 and V = 0. In the opposite limits of com-
pletely random-coil or unoriented chains, λ = 0 and V = ln(1� φ)
as expected for a random-coil chain. It should be noted that eq 4 is
only valid if the osmotic pressure is zero at φ = 0.15 Using the long
chain limit of eq 17, this is indeed found to be the case where the
osmotic pressure is calculated as φ2[δ(Fint/ φ)/dφ].
In order to calculate λ, θi and ŷi must be defined at z for a given

chain starting at height ζ. Consequently the states, i, are defined by ζ
and subscripts on θ and ŷ will be changed to reflect this. Here, it is
important to point out that while eqs 12 and 13 apply to only a single
chain, all chains starting at a given height (ζ) have the same values of
θ and ŷ at a given position (z) in the brush. The brush is then
constructed by bringing together chains that start at different heights,
with the number of chains starting at a given height given by eq 7.
Remembering thatΔU =U(ζ)�U(z), eq 1 and eqs 8�12may

be solved to express θζ in terms ofΔUwhich may be subsequently
converted to real space afterU(z) is determined from integration of
f(U). Similarly, ŷζmay be found from eqs 1 and 13 in combination
with 8-10. With these parameters defined for each chain, λmay be
calculated by summing the contributions from each chain that
passes through z. With a continuous distribution of states that are
defined by the starting height of each chain, the summation in eq 17
may be converted to an integral as shown in eq 19 where both
pζ, θζ, and ŷζ are functions of z, h, and ζ:

λðz, hÞ ¼
Z h

z
pζθζð1� ŷζÞ dζ ð20Þ

With the probability distribution of chain ends specified in eq 7, pζ
can be calculated using eq 21.

pζ ¼ εðζ, hÞ
.Z h

z
εðζ, hÞ dζ ð21Þ

Additionally, the average fraction of helical monomers, <θ>, and
average orientation parameter, <ŷ>, are defined in eqs 22 and 23.

Æθæ ¼
Z h

z
pζθζ dζ ð22Þ

Æ̂yæ ¼
Z h

z
pζŷζ dζ ð23Þ

Calculation of Brush Properties. With both V(z) and V(φ)
specified, it is possible to solve eq 4 for φ(z) and other brush
properties. This must be done numerically because V(z) is not an
analytical function and calculation of V(φ) requires the calcula-
tion of a density profile in order to specify λ. In order to proceed,
a trial profile is first assumed for λ(z). The brush height, density
profile, and distribution of chain ends are subsequently deter-
mined, allowing a new calculation of λ. This procedure is repeated
until the density profile converges. While it is possible to use any
one of the brush parameters (i.e., φ, λ, or ε) to check for
convergence, only one is necessary as they are interdependent.
The difference between the old and new profiles, Δ, is used to
assess convergence. The function, Δ = |φnew� φold|/φold, is
evaluated over z and both the maximum value and the integral
of this function are calculated. Because of the uncertainty
introduced in the calculation of f in eq 2, the converged solution
oscillates about its converged value by 1�2% and both maximum
and integrated values of Δ reach steady, nonzero values that
reflect this. The converged solution is therefore taken as the
average of the two oscillating solutions. This precision is more
than sufficient for qualitative analysis and most likely introduces
no greater quantitative error than either the use of a lattice model
for the interaction energy or the assumption of strong stretching
at the brush edge.

’RESULTS AND DISCUSSION

Effective Potential as a Function of Zimm�Bragg Param-
eter. The effective potential, U(z) was evaluated for three
different values of the Zimm�Bragg parameter, s = 0, 0.9, 1.1,
and these results are shown in Figure 2. For s = 0, U(z) rises
smoothly from 0. In contrast, plateaus are observed for s = 1.1 and
U(z) zigzags above and below the s = 0 curve with the magnitude
of these differences decreasing with increasing z. While plateaus
are again apparent for s = 0.9, they are much less prominent than
for s = 1.1. These plateaus are the result of the helix�coil

Figure 2. The effective potential, U(z) is shown as a function of z for
different values of the Zimm�Bragg parameter, s. When compared to a
pure random-coil (s = 0), helicogenic brushes show jumps and plateaus
in the effective potential that are consequences of the helix�coil
transition.
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transition and while the physical significance of multiple plateaus
will be demonstrated to have a profound effect on the brush
properties, for now they can be understood as a mathematical
consequence of having discontinuities in the first derivative of
_z(ΔU) as was previously discussed.
Brush Microstructure. The helicogenic brush was evaluated

for the three values of the Zimm�Bragg parameter discussed
above. The case of s = 0 corresponds to a chain incapable of helix
formation while s = 0.9 and 1.1 correspond to weak aversion and
propensity for helix formation, respectively. Monomer density
profiles for each case are shown in Figure 3 at several grafting
densities. The most striking feature of the brushes capable of helix
formation is the appearance “layers” of different densities. At low
grafting density, only one layer is present but as grafting density
increases, a second, and eventually a third, layer appears. Polymer
density remains roughly constant within a layer but decreases from
the inner to outer layers. Helix formation must be responsible for
these unique features as layer formation is not observed for s = 0.
The average helical content profile, Æθæ, is shown in Figure 4

for s = 0.9 and 1.1. Again, distinct layers in average helical content
are seen that correspond to the changes in density profile.
Whereas density decreases when moving toward the exterior

layers of the brush, helical content increases when moving to
progressively exterior layers (when multiple layers exist, for σ =
0.35, 0.50, and 0.65). This can be explained by the ability of a
helix to unravel in response to high stretching as described
by Buhot and Halperin.13 As grafting density increases and
crowding-induced stretching becomes high, some chains par-
tially convert to random-coils in an inner layer and extend to an
outer layer to alleviate crowding. In the outer layer, however,
crowding and stretching is less and helices are again favored.
Note that at all densities, for s = 0.9, helical content decreases
near the top of the outermost layer as the chain returns to its
natural random-coil state in the absence of stretching.
It should be noted that the use of low, moderate, and high

stretching in this discussion is separate from the use of “strongly
stretched” to describe chains for which fluctuations about their
most probable trajectory may be neglected. Except where other-
wise noted, low, moderate, and high stretching are used to
describe the relationship between stretching and either the
helix�coil transition or the alignment of helices. As has already
been discussed, it is assumed that crowding-induced stretching is
sufficiently strong to ensuremodel validity everywhere except the
very outer regions of the brush.
In order to better understand these “helical layers”, it is helpful

to look at the helical content profiles of individual chains starting
at different heights. This is shown in Figure 5 for nonzero
s values. For a chain starting inside the first (innermost) layer
at ζ = 0.38, it is completely helical for s = 1.1 where the helical
state is preferred at low tomoderate degrees of stretching. For s =
0.9, a high degree of helical content is also observed. While low
stretching is insufficient to induce helix formation, the moderate
stretching experienced by the chain just below its starting point is
sufficient to favor helices.
A stretching-induced increase in random-coil content is ob-

served in chains that originate in the second layer (ζ = 0.55).

Figure 3. Monomer density is shown as a function of position in the
brush for different grafting densities in each plot. Each plot represents a
different value of the Zimm�Bragg parameter: (A) s = 1.1, (B) s = 0.9,
(C) s = 0. Distinct density layers appear for s > 0 while smooth density
profiles are observed for the pure random-coil case (s = 0).

Figure 4. The average helical fraction is shown as a function of position
in the brush for different grafting densities in each plot. Each plot
represents a different value of the Zimm�Bragg parameter: (A) s = 1.1;
(B) s = 0.9.



4983 dx.doi.org/10.1021/ma200782e |Macromolecules 2011, 44, 4977–4987

Macromolecules ARTICLE

For s = 1.1, the chain is completely helical in the second layer but
helices partially unravel as the chain passes through the first layer.
This preference for the random-coil state is a consequence of
finite extensibility of the helix, which may only reach a height of
0.4 when completely helical and oriented. The picture is more
complicated for s = 0.9 where the chain is a random-coil at its
starting height, forms a helix as it descends through the second
layer, remains highly helical near the top of the first layer, and
returns to the random-coil state gradually as it moves toward
the surface. The chain starts out in the random-coil state because
stretching is weak near its starting height and random-coils are
preferred in the absence of stretching for s < 1. Some moderate
amount of stretching helps the chain form helices as it descends
to and through the higher portions of the first layer. At some
point in the first layer, stretching becomes too great and the chain
again prefers the random-coil state for the same reasons dis-
cussed in the case of s = 1.1. Similar trends are observed for a
chain starting at ζ = 0.70 with the main change being the inverse
relationship of θ in the lower layers with increasing starting
height. Again, finite extensibility requires that a chain starting
higher in the brush must exist more in the random-coil state to
reach the surface from that height. A cartoon of these phenomena
is shown in Figure 6 in order to highlight the main points of the
above discussion.
As was demonstrated by Shim and Cates for a random-coil,

finite extensibility results in a more sharply peaked distribution of
chain ends than if a Gaussian elasticity model is assumed.15 This
effect is magnified for the helicogenic brush where finite exten-
sibility of both helices and chains is coupled with the ability to
easily orient helices perpendicular to the grafting surface. Figure 7
shows the distribution of chain ends for all cases studied. For s = 0,

the distributions are qualitatively similar to those found by Shim
and Cates but differ quantitatively due to the differences between
the ad hoc elasticity model used in their work and the freely
jointed chain model used here. For s > 0, sharp peaks in the end
distribution are observed near the edges of brush layers observed
in Figure 3. While there are sharp peaks in the distribution, it is
important to note that the end distribution is nonzero everywhere
throughout the brush and thus the given distribution is globally
stable.14 At first glance, this end distribution suggests that the
helicogenic brush may be treated with the less complicated
Alexander model that assumes uniform chain stretching and
step-like density profiles. However, these results also demonstrate
that a proper treatment of a helicogenic brush must account for
multiple layers of brush and appropriate correlations between
layers. It is not obvious that this is possible by simply stacking
“uniform” brush layers on top of one another, as the Alexander
model would require. This observation helps to justify the added
difficulty of using the present model for a helicogenic brush.
To close out the discussion of microscopic brush properties, it

should be noted that helices, once formed, are almost all well-
oriented normal to the grafting surface. This is due to the ease
with which helices are oriented in the stretching direction. The
orientation angle is calculated from ψ = sin�1 ŷ and for weakly
stretched chains near their starting height, ŷ = 1 and ψ = 90�. As
the chain extends toward the surface, ŷ decays rapidly such that
ψ < 15� almost immediately below the starting point for most
chains. Thus, if a helix does form, it is well-oriented except in the
region very near its starting height. While this sharp transition in
orientation is physically prohibited by the large persistence
length of a wormlike helix, this region of disorientation is so
small that it is has a negligible effect on the overall model.
Macroscopic Brush Properties. As was apparent in the

preceding section, there is a strong interconnection between
helix formation and brush properties. Chain stretching induced
by brush crowding served to either favor helices or random-coils
at different points along an individual chain. In turn, helix
formation resulted in well-defined layers of relatively uniform

Figure 6. Simplified picture of the multilayer brush structure depicted
for high tethering density for s = 1.1, where helices are depicted as rods.
The outermost layer is least dense but remains completely helical.
Helices are well-oriented throughout the brush but are most disoriented
in the outermost layer. Chains must enter the random-coil state to
extend into the outer layers causing the average helical content to
decrease when moving from outer to inner layers. More subtle features
of the brush are not shown such as partial helix formation along a chain
within a layer and the placement of chain ends at locations other than
layer boundaries.

Figure 5. Helical fraction is shown as a function of position in the brush
for individual chains starting at different heights, ζ. (A) For s = 1.1,
chains are completely helical in their starting height and partially convert
to random-coils each time they move through one of the inner layers.
(B) For s = 0.9, chains are random-coils near their starting height but
quickly form helices that are stabilized by moderate stretching within
their starting layer.
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density and helical content. This section will explore the macro-
scopic effect of brush formation on the helix�coil transition as
well as the effect of helix formation on brush height and lateral
compressibility.
Crowding-induced stretching was demonstrated to both sta-

bilize helix formation at low-to-moderate degrees of stretching,
and then to unravel more highly stretched helices. The amount of
stretching experienced by an individual chain varied with its
starting height and along the length of the chain. Furthermore,
there is a continuous distribution of chain ends as shown in
Figure 7. These effects may be combined to get an average
fraction of helical monomers for the entire brush by counting the
total number of monomers in the helical state relative to the total
number of monomers. This global average, Θ, is given by eq 24
and is shown as a function of grafting density in Figure 8.

Θ ¼ 1
σ

Z h

0
dz ÆθæφðzÞ ð24Þ

For s = 1.1, Θ = 1 for σ < 0.4 on account of the fact that
increasing tethering density serves mainly to better orient already
formed helices in a single layer. Further increases in grafting
density cause a second layer to form, with concomitant helix

formation and extension of some chains from the first layer into
the second. As the grafting density approaches unity, chains are
stretched to their full contour length and a complete return to the
random-coil state is observed. The undulations in the decay ofΘ
are due to the formation of successive layers as was previously
discussed. The situation for s = 0.9 is similar to s = 1.1 for high
grafting densities. However, a return to the random-coil state
begins at slightly lower σ because it is easier to unravel helices at
lower s. The main difference for s = 0.9 is seen at low σ and is
due to the fact that the natural state of a single chain is to remain
in the random-coil state. As σ increases from 0,Θ rises sharply
at first and levels off just below complete helix formation near
σ = 0.3 before decreasing again as discussed above.
Helix formation has a profound effect on the brush as well.

Brush height is shown as a function of tethering density in
Figure 9 for s = 0, 0.9, 1.1. In comparison to the random-coil
brush height, that of the helicogenic brushes rises faster at low
tethering densities, with the more helicogenic brush (s = 1.1)
rising much faster than for s = 0.9. While helices tend to orient
normal to the grafting surface at even low σ, the fact that helix
formation is complete for s = 1.1 while stretching is required to
induce helix formation for s = 0.9 causes the height of the latter
case tomore closely resemble a random-coil. Following the initial
rise, brush height remains relatively constant as σ increases on
account of the fact that helical content in both types of brush is
high and helices are becoming more oriented but not extending
past the contour length of the helix. In this region, the random-
coil brush height surpasses the helicogenic brush due to the
longer contour length of the coil versus the helical state. A further

Figure 8. Globally averaged helical fraction shown as a function of
tethering density for s = 0.9 and 1.1.

Figure 9. Brush height is shown as a function of tethering density for
s = 0, 0.9, and 1.1.

Figure 7. Distribution of chain ends shown as a function of position in
the brush for (A) s = 1.1, (B) s = 0.9, and (C) s = 0. Each distribution has
been normalized by its maximum value.
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increase in tethering density requires helices to partially unravel
and formmultiple layers, allowing the helicogenic brush height to
approach that of the random-coil brush in a series of successively
smaller jumps and successively more sloped “plateaus”. By σ =
0.6, helices are nearly completely unraveled and is brush height is
almost indistinguishable from the random-coil case.
The Zimm�Bragg parameter, s, is a function of temperature

given thatΔg includes both entropic and enthalpic contributions.
Assuming that enthalpic contributions favor the helical state, s
should decrease with temperature, down to a minimum value
determined by the entropic contributions. Thus, brush height
should be a function of temperature for regions in Figure 9
where brush height depends on s. In particular, brush height
should decrease with increasing temperature for σ < 0.1, increase
with temperature for 0.15 < σ < 0.6, and remain relatively
temperature-independent for 0.1 < σ < 0.15 and σ > 0.6. These
predictions provide opportunities to experimentally verify
this model.
Helix formation also has the effect of lowering the overall free

energy of the brush. As this work is partially motivated by the
effect of helix formation on geometry in self-assembled systems,
the more useful quantity is the lateral compressibility defined by
β = dFbr/dσ. This force represents the resistance of the brush to
an increase in tethering density and can be balanced against
forces that favor increased density such as dispersion and
hydrophobic forces in the core of hydrophobically driven self-
assembled structures. The compressibility is shown as a function
of tethering density in Figure 10 where it can be seen that helix
formation lowers β for σ < 0.3. Thus, a helicogenic brush is more
amenable to higher σ in this region and this fact leads to a lower
effective headgroup area when considering the packing param-
eter to predict micelle geometry.8 As the tethering density
increases above σ = 0.3 and helices are forced to unravel and
extend to form multiple layers, it becomes harder to compress a
helicogenic brush relative to a random-coil brush although this
effect is not as dramatic as the decrease seen in β for σ < 0.3. Note
that in all cases, β > 0 and so the brush is unstable with respect to
σ (i.e., the minimum in Fbr is found at σ = 0) in the absence of
compressive forces. Future work will incorporate curvature
effects into the model developed here in order to better predict
shape transitions in self-assembled systems.
The use of self-consistent field theory to treat helicogenic

polymer brushes has a number of advantages over more analy-
tically tractable models. First is the more realistic assumption
of nonuniform stretching along the length of the chain. This
assumption has led to the prediction of multiple layers in densely

grafted brushes in which density and helical content remain
relatively constant within a layer but may change sharply between
layers. Second, the finite extensibility of both coils and helices is
generally regarded as more accurate than the infinite extensibility
of Gaussian chains. Finally, the rigorous development of a
form for the interaction energy of a brush with partial helical
content is believed to be more accurate than ad hoc treatments
previously used for this purpose. Taken together, these features
of the current model likely present the most accurate picture
of a helicogenic brush to date and have made interesting
predictions regarding the microscopic and macroscopic brush
properties.
One area for improvement of the current model is to address

the interrelated issues of short-range correlations along the chain
in addition to cooperativity in the helix�coil transition. The
former problem is a well-understood shortcoming of the lattice
approach for random coils and is handled by scaling concepts,
which assume a correlation blob in which ideal chain statistics are
unperturbed by the brush. It is difficult to imagine a similar
strategy working here because a mixture of rods and coils is not
self-similar (i.e., characterized by a single fractal exponent) on
all length scales, a requirement for scaling methods. In addi-
tion, cooperative helix formation may affect the length scale
of correlations along an individual chain. While the effect of
cooperative helix formation should be considered alongside any
approach to address chain correlations in the elastic or inter-
action energies, it is also possible that the helix�coil transition is
less cooperative in a brush than for peptides and proteins in
solution for the reasons discussed in the development of eq 11. In
any case, it seems there are several unresolved issues regarding
intrachain correlations and cooperative helix formation which
merit further experimental and theoretical consideration.
Additionally, this work only considered an athermal mixture of

helices and coils, neglecting solvent quality and other enthalpic
effects. It is not hard to generalize eq 17 to include pairwise
enthalpic interactions for a ternary mixture of helix, coil, and
solvent. In this case, the methods used in this work remain
unchanged with the exception that a different, analogous version
of eq 4 must be used if the pairwise interactions are such that
the osmotic pressure is minimized for nonzero values of φ. This
situation is discussed in further detail in the work of Shim and
Cates.15

Pairwise enthalpic attractions between helical monomers may
also be useful to address a propensity for helices to aggregate,
particularly when specific peptide sequences exhibit amphipathic
behavior in the helical state.31,32 Helical aggregation could cause
lateral phase separation into regions of high and low helical
content that would behave very differently from each other. For
now, neglect of helical aggregation seems to be a good general
assumption, particularly for the experimental system of Gebhardt
et al. where polylysine brushes exhibited structure that was
characteristic of R-helices rather than coiled-coils. This distinc-
tion can be made by comparing the magnitudes of the minima in
their circular dichroism spectra at 208 and 222 nm. Both minima
are indicative of helical content but the minimum at 222 nm
becomes deeper for coiled-coils.33

’CONCLUSIONS

This work describes the physics of a helicogenic polymer
brush and demonstrates that crowding-induced stretching in
the brush affects the helix�coil transition. At low-to-moderate

Figure 10. Lateral compressibility shown as a function of tethering
density for s = 0, 0.9 and 1.1.
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tethering densities, helix formation is stabilized in chains that
would otherwise prefer the coil state. Strong stretching at high
tethering densities can force the helix to unravel as the chain is
forced to extend in order to relieve crowding. This extension
results in distinct layers in the brush in which monomer density
and helical content are relatively constant but there are sharp
transitions in these properties between layers. Helix formation
and orientation makes the brush more amenable to lateral
compression at low-to-moderate tethering densities because of
fewer repulsive monomer�monomer interactions once mono-
mers are sequestered into well-oriented helices. However, the
above-mentioned layer formation resists lateral compression to
high tethering densities as layer formation requires helix unravel-
ing. Furthermore, finite extensibility in both helices and random-
coil portions of chain causes chain ends to concentrate in the
outer regions of each layer.

While brush-induced stabilization of helix formation and
increased lateral compressibility of helical brushes are not
surprising results given previous experimental observations, this
model is believed to be the most quantitative description of the
helicogenic brush to date and some of its more subtle features
may be useful in understanding and predicting the behavior of
self-assembled materials. For example, resistance to lateral com-
pression at high tethering density, and the unraveling of helices
that leads to this phenomenon, may explain why wormlike
micelles were observed in the work of Tu et al.9 instead of
vesicles or structures with negative curvature. Another subtle
feature of the helicogenic brush is the observation that moderate
stretching in the outermost layer can stabilize helix formation in
this layer even if the rest of the chains are mostly random-coils
(cf. Figure 5B, ζ = 0.70). Thus, if helical content is important to
biofunctionality, the region of the brush that is exposed to the
environment will remain helical even though the overall helical
content of the brush is low.

Future work in this area will address the effects of curvature in
order to predict shape transitions in self-assembled structures,
such as micelles, with helicogenic capabilities. In addition to
curvature effects, predictive accuracy of the currentmodelmay be
limited by neglect of intrachain correlations both from the
perspective of the elastic and interaction energies as well as in
cooperative helix formation. As these are difficult issues to
address theoretically, this work hopes to motivate experimenta-
tion on helicogenic brushes that may guide further advances in
the current model. Some of the features predicted here, such as
relatively sharp density transitions between regions of the brush
and temperature dependence of brush height, should be observ-
able in appropriately designed neutron or X-ray reflectivity
experiments.
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’TABLE OF SYMBOLS
symbol description
a random-coil monomer length
ah helical monomer length
A energy of a chain starting very near the grafting surface
b stretching force
f dz/dU
F nondimensional free energy
Δg per-monomer free energy for the helix�coil transition
h nondimensional brush height
k Boltzmann constant
L Langevin function
Lint integrated Langevin function
m nondimensional polymer segment length
n nondimensional position along a chain
N number of monomers in a polymer chain
pi probability of observing a chain in state i
r number of lattice sites for one species
s Zimm�Bragg parameter
t dimensional position along a chain
T absolute temperature
U same as V (below) to within an arbitrary function of

brush height
v number of species
vo total number of lattice sites
V space-dependent monomer potential
x nondimensional stretching force
y orientational parameter for helices
ŷ nondimensional orientational parameter
Æ̂yæ locally averaged nondimensional orientational para-

meter
z nondimensional coordinate normal to the grafting

surface
_z dz/dn
Z coordinate normal to the grafting surface
R force-dependent variational parameter for a worm-

like helix
β lateral compressibility
γ a/ah
Δ difference function used to check convergence
ε distribution of chain ends
ζ nondimensional starting height of an individual chain
η persistence length of helices in monomer units
θ helical fraction
Æθæ locally averaged helical fraction
Θ globally averaged helical fraction
λ fraction of “oriented” helical monomers
F monomer number density
σ nondimensional tethering density
Σ dimensional tethering density
φ monomer volume fraction
ψ angle of the helical axis with the domain axis
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